Nonlinear random ergodic theorems for affine operators  by Yoshimoto, Takeshi
Journal of Functional Analysis 256 (2009) 1708–1730
www.elsevier.com/locate/jfa
Nonlinear random ergodic theorems for affine operators
Takeshi Yoshimoto
Department of Mathematics, Toyo University, Kawagoe, Saitama 350-8585, Japan
Received 25 September 2007; accepted 5 January 2009
Available online 3 February 2009
Communicated by H. Brezis
Abstract
Let (Ω,ß,μ) be a finite measure space and let (S,F , ν) be another probability measure space on which
a measure preserving transformation ϕ is given. We introduce the so-called affine systems and prove a
vector-valued nonlinear random ergodic theorem for the random affine system determined by a strongly F -
measurable family {Ts + ξ(s, ·): s ∈ S} of affine operators, where B is a reflexive Banach space, {Ts : s ∈ S}
is a strongly F -measurable family of linear contractions on L1(Ω,B) as well as on L∞(Ω,B) and ξ is
a function in (I − T )Lp(S × Ω,B) (1 p < ∞) with the operator T defined by Tf (s,ω) = [Tsfϕs ](ω)
which denotes the F ⊗ ß-measurable version of Tsfϕs(ω). Moreover, some variant forms of the nonlinear
random ergodic theorem are also obtained with some examples of affine systems for which the nonlinear
ergodic theorems fail to hold.
© 2009 Elsevier Inc. All rights reserved.
Keywords: Nonlinear operator; Strong measurability; Measurable representation (version); Affine system;
Random affine system; Nonlinear ergodic theorem; Nonlinear random ergodic theorem; Pointwise convergence;
Mean (strong) convergence; Abstract Abelian theorem
1. Introduction
This paper deals with random ergodic theorems for affine operators in Lp , as a first step in
the study of random ergodic theorems for nonlinear operators. An affine operator on a Banach
space X is an operator of the type Ax = T x + y, where T is a bounded linear operator on X and
y is a fixed element of X. One usually takes ‖T ‖ 1, so A is nonexpansive. The fixed points of
A are solutions of Poisson’s equation for T , which is (I − T )x = y. Thus it is a natural attempt
E-mail address: yoshimoto_t@toyonet.toyo.ac.jp.0022-1236/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
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T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730 1709to reach the fixed points of A by averaging its iterates, which are Anx = T nx +∑n−1k=0 T ky. This
yields for the averages of A the representation
1
N
N∑
n=1
Anx = 1
N
N∑
n=1
T nx + 1
N
N∑
n=1
n−1∑
k=0
T ky. (∗)
When we assume T to be mean ergodic, the averages of (∗) converge if and only if y ∈
(I − T )X (see [16], or the earlier result in Dotson [5]). When y ∈ (I − T )X, there is a unique
z ∈ (I − T )X such that (I −T )z = y, and the limit in (∗) is Ex + z (where E is the ergodic limit
Ex = limn→∞ 1n
∑n
k=1 T kx). We can therefore have convergence of the iterate averages (even
weakly on a subsequence) only if Ax = T x + (I − T )z.
When T is a Dunford–Schwartz contraction on L1 of a probability space (a contraction of
L1 which contracts also the L∞ norm), it is mean ergodic and we have also a pointwise ergodic
theorem, so iterating Af = Tf + (I − T )h will yield, in addition to norm convergence, also
almost everywhere convergence of the averages of Anf , for any f ∈ L1. The a.e. convergence of
(∗) holds also if T is a Dunford–Schwartz contraction of L1 of a (not necessarily finite) σ -finite
measure, since the pointwise ergodic theorem holds for T . We are motivated by the affine method
and the random ergodic theorems for linear operators.
It is the purpose of the present paper to establish the nonlinear random ergodic theorems for
affine operators in Lp spaces. In 1978 Baillon [1] established the weak nonlinear ergodic theo-
rem of Cesàro (C,1) type for a nonexpansive self-mapping T of a bounded closed convex subset
C of Lp with 1 < p < ∞: for every f ∈ C, the (C,1) mean 1n+1
∑n
k=0 T kf converges weakly
to a T -fixed point in C. Then later Krengel and Lin [15] considered a class of order preserving,
L∞-norm decreasing and L1-nonexpansive operators on Lp and proved the weak nonlinear er-
godic theorem (which cannot be covered by Baillon’s theorem) for operators belonging to this
class. These results due to Baillon, Krengel and Lin have recently been extended by the author
[25] to the case of Cesàro (C,α) type of order α with 0 < α < ∞. All nonlinear ergodic the-
orems obtained so far are the statements pertaining to behavior of the averages of the iterates
I = T 0, T ,T 2, . . . , T n, . . . of a single nonlinear operator T which interact on a function. Now
it is interesting to ask what happens if we transform a function f in Lp with a random se-
quence T1, T2, . . . , Tn, . . . of operators chosen at random from some stock of nonlinear operators
on Lp given in advance. Then our object is to investigate the limit behaviors of Cesàro aver-
ages for the function sequence T1f , T1T2f, . . . , T1T2 · · ·Tnf, . . . in various topologies of Lp .
What can we say about the limit limn→∞ 1n
∑n
k=1 T1T2 · · ·Tkf ? Unfortunately we cannot ex-
pect any convergence for every random sequence chosen from the stock. So it is desirable to
consider almost every (not every) random sequence chosen from the stock. On the other hand,
Wittmann [17] considered another class of order preserving, integral preserving, positively ho-
mogeneous and L∞-nonexpansive operators on L1 and proved both the pointwise convergence
and the mean convergence of the averages of the so-called nonlinear sums for operators belong-
ing to this class (cf. Krengel and Lin [15]). We also introduce the so-called random nonlinear
sums of Wittmann’s type and consider a similar question in our setting. Particularly in the linear
case, the random ergodic theorems have been given satisfactory operator-theoretical formula-
tions (Jacobs [13], Yoshimoto [20,21], Wos´ [18,19]). Thus it is natural for our consideration to
take the affine method to discuss the random nonlinear ergodic theorems as generalizations of
the linear random ergodic theorems. Let B be a Banach space and let (Ω,ß,μ) be a finite mea-
sure space. Let Lp(Ω,B) = Lp(Ω,ß,μ,B), 1  p ∞, denote the usual Lebesgue spaces of
1710 T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730strongly ß-measurable B-valued functions defined on Ω . In addition we also consider simulta-
neously another probability measure space (S,F , ν) (which will be needed to provide the stock
of nonlinear operators on Lp(Ω,B)) on which an F -measurable ν-measure preserving transfor-
mation ϕ is given. The idea of applying a non-random ergodic theorem to a product measure
space is a recipe which has furnished numerous (linear) random ergodic theorems. It seems to
be very difficult to apply this idea to establish the nonlinear random ergodic theorem for general
nonlinear operators in Lp . Indeed the nonlinear ergodic theorems have not received satisfactory
general treatment in Lp so far. So, we take the so-called affine method and consider a strongly
F -measurable family {Ts + ξ(s, ·): s ∈ S} of affine operators (which is just the stock of nonlinear
operators in question), where {Ts : s ∈ S} is a strongly F -measurable family of linear contrac-
tions on L1(Ω,B) as well as on L∞(Ω,B) and ξ is a function in (I −T )Lp(S ×Ω,B) for some
p with 1 p < ∞. Here the operator T is defined on Lp(S × Ω,B) by Tf (s,ω) = [Tsfϕs](ω)
which denotes the (uniquely determined) F ⊗ ß-measurable version of Tsfϕs(ω). The strong
F -measurability of the family {Ts : s ∈ S} means that for every h ∈ L1(Ω,B) the function Tsh
is strongly F -measurable as an L1(Ω,B)-valued function defined on S, that is, for the mapping
Ψh : s → Tsh of F into L1(Ω,B), ν ◦Ψ−1h has a separable support (cf. Hille and Phillips [10]).
2. Nonlinear random ergodic theorems
When given a function f (s,ω) defined on S ×Ω , for the sake of convenience, we shall write
fs(ω) for f (s,ω) in what follows if we want to regard f (s,ω) as a function of ω defined on Ω
for s fixed in S. Now let there be given a strongly F -measurable family {Ts : s ∈ S} of linear
contractions on L1(Ω,B) as well as on L∞(Ω,B). Then it follows from the Riesz convexity
theorem (cf. Dunford and Schwartz [6]) that for each s ∈ S, ‖Ts‖B(Lp(Ω,B))  1 for 1 p ∞,
where B(Lp(Ω,B)) denotes the Banach space of bounded linear operators on Lp(Ω,B), so that
Ts is a continuous linear mapping in each space Lp(Ω,B), 1  p < ∞. If f ∈ Lp(S × Ω,B)
then fs(·) ∈ Lp(Ω,B) for almost all s in S and so Ts′fs(·) is well defined for almost all s in S.
Note here that the function Tsfs(ω) may not be strongly F⊗ß-measurable as a function of (s,ω)
in S×Ω . But by Lemmas 1 and 2 of [21] there exists the uniquely determined F⊗ß-measurable
version [Tsfϕs](ω) of Tsfϕs(ω) such that excepting a ν-null set E1(f ) (for each s ∈ S −E1(f )),
[Tsfϕs](ω) = Tsfϕs(ω) μ-a.e. Therefore we can define the linear operator T on Lp(S×Ω,B) by
Tf (s,ω) = [Tsfϕs](ω). It follows that for every f ∈ Lp(S ×Ω,B) there exists a set E2(f ) ∈F
of ν-measure zero such that for every s ∈ S − E2(f ) and k = 1,2, . . . , TsTϕs · · ·Tϕk−1sfϕks(·)
can be definable and strongly F -measurable as a function in Lp(Ω,B).
Our first main result comes next.
Theorem 1. Let B be a reflexive Banach space and let {Ts : s ∈ S} be a strongly F -measurable
family of linear contractions on L1(Ω,B) as well as on L∞(Ω,B). Put Tf (s,ω) = Tsfϕs(ω) on
Lp(S ×Ω,B) and define Us = Ts + ξs , s ∈ S, where ξ ∈ (I − T )g for some g ∈ Lp(S ×Ω,B),
1 p < ∞. Then for every f ∈ Lp(S ×Ω,B) there exist a function η ∈ Lp(S ×Ω,B) and a set
E(f,g) ∈F of ν-measure zero such that for each s ∈ S −E(f,g)
lim
n→∞
∥∥∥∥∥1n
n∑
UsUϕs · · ·Uϕk−1sfϕks(ω)− ηs(ω)
∥∥∥∥∥ = 0 μ-a.e. (1)k=1 B
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lim
n→∞
(∫
Ω
∥∥∥∥∥1n
n∑
k=1
UsUϕs · · ·Uϕk−1sfϕks(ω)− ηs(ω)
∥∥∥∥∥
p
B
dμ
)1/p
= 0, (2)
while, if p = 1 and f − g ∈ L(S ×Ω,B) log+ L(S ×Ω,B), then
lim
n→∞
∫
Ω
∥∥∥∥∥1n
n∑
k=1
UsUϕs · · ·Uϕk−1sfϕks(ω)− ηs(ω)
∥∥∥∥∥
B
dμ = 0. (3)
For the proof we need the following lemmas.
Lemma 1. Under the hypothesis of Theorem 1, let f ∈ Lp(S × Ω,B). Then there exists
a uniquely determined F ⊗ ß-measurable version [UsUϕs · · ·Uϕk−1sfϕks](ω) of UsUϕs · · ·
Uϕk−1sfϕs(ω) for each k = 1,2, . . . , such that excepting a ν-null set,
[UsUϕs · · ·Uϕk−1sfϕs](ω) = UsUϕs · · ·Uϕk−1sfϕs(ω) μ-a.e.
Proof. First let p = 1 and f ∈ L1(S × Ω,B). We show that there exists the F ⊗ ß-measurable
version [Tsfϕs](ω) of Tsfϕs(ω). We can choose a sequence of functions {fk} in L1(S × Ω,B)
such that each fk is of the form
fk(s,ω) =
∑
j
akj IAkj (s)IBkj (ω)
(
Ts(fk)s(ω) =
∑
j
akj IAkj (s)TsIBkj (ω)
)
,
where akj ∈ B, and {Akj } and {Bkj } are measurable partitions of S and Ω , respectively, and such
that
lim
k→∞
∫ ∫
S×Ω
∥∥f (ϕs,ω)− fk(s,ω)∥∥B dν ⊗μ = 0.
So, passing to a subsequence if necessary, one has
lim
k→∞
∫
Ω
∥∥Tsfϕs(ω)− Ts(fk)s(ω)∥∥B dμ = 0 ν-a.e.
Thus since Ts(fk)s(·) is strongly F -measurable, so is Tsfϕs(·). We then see that there ex-
ist countably L1(Ω,B)-valued, F -measurable functions (hk)s(·) defined on S such that hk ∈
L1(S ×Ω,B) (k = 1,2, . . .) and∥∥Ts(fk)s(·)− (hk)s(·)∥∥L (Ω,B)  1 ν-a.e. (k = 1,2, . . .).1 k
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lim
k→∞
∥∥Tsfϕs(·)− (hk)s(·)∥∥L1(Ω,B) = 0 ν-a.e.,
from which follows that the function Tsfϕs(·) is strongly F -measurable. Moreover, we can show
that there exists a function h ∈ L1(S ×Ω,B) such that limk→∞ ‖hk −h‖L1(S×Ω,B) = 0 and such
that excepting a ν-null set
Tsfϕs(ω) = hs(ω) μ-a.e.
Therefore we get the (unique) F ⊗ ß-measurable version [Tsfϕs](ω) of Tsfϕs(ω) by defining
((Tf )(s,ω) =) [Tsfϕs](ω) = h(s,ω). This is also true even for f ∈ Lp(S × Ω,B), 1 < p < ∞.
Similarly, excepting a ν-null set, TsTϕs · · ·Tϕk−1sfϕks(ω) can be defined μ-almost everywhere
and is strongly F -measurable. Moreover, excepting a ν-null set
(
T kf
)
s
(ω) = [TsTϕs · · ·Tϕk−1sfϕks](ω)
= TsTϕs · · ·Tϕk−1sfϕks(ω) μ-a.e.
for each k = 1,2, . . . . Then defining the F ⊗ ß-measurable version [Usfϕs](ω) of Usfϕs(ω) by
[Usfϕs](ω) = [Tsfϕs](ω)+ ξs(ω), we obtain the desired measurable version by setting
[UsUϕs · · ·Uϕksfϕk+1s](ω) = [TsTϕs · · ·Tϕksfϕk+1s](ω)
+
k∑
j=1
[TsTϕs · · ·Tϕj−1sξϕj s](ω)+ ξs(ω) (k = 1,2, . . .). 
Lemma 2. Under the hypothesis of Theorem 1, ‖T ‖B(Lp(S×Ω,B))  1, 1  p < ∞, and
‖T ‖B(L∞(S×Ω,B))  1.
Proof. If 1 p < ∞ then by Fubini’s theorem we get
‖Tf ‖p
Lp(S×Ω,B) =
∫ ∫
S×Ω
∥∥Tf (s,ω)∥∥pB dν ⊗μ
=
∫
S
∥∥[Tsfϕs](·)∥∥pLp(Ω,B) dν,
and ∥∥[Tsfϕs](·)∥∥Lp(Ω,B)  ∥∥fϕs(·)∥∥Lp(Ω,B) ν-a.e.
Hence
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Lp(S×Ω,B) 
∫
S
∥∥fϕs(·)∥∥pLp(Ω,B) dν
=
∫
Ω
∥∥fω(ϕ·)∥∥pLp(S,B) dμ
=
∫
Ω
∥∥fω(·)∥∥pLp(S,B) dμ
=
∫ ∫
S×Ω
∥∥f (s,ω)∥∥pB dν ⊗μ
= ‖f ‖p
Lp(S×Ω,B).
While if f ∈ L1(S ×Ω,B)∩L∞(S ×Ω,B) we get
‖Tf ‖L∞(S×Ω,B) = ess sup
s∈S
∥∥∥ess sup
ω∈Ω
∥∥Tf (s,ω)∥∥B∥∥∥B
= ess sup
s∈S
∥∥∥ess sup
ω∈Ω
∥∥[Tsfϕs](ω)∥∥B∥∥∥B
 ess sup
s∈S
∥∥∥ess sup
ω∈Ω
∥∥fϕs(ω)∥∥B∥∥∥B
= ess sup
ω∈Ω
∥∥∥ess sup
s∈S
∥∥fs(ω)∥∥B∥∥∥B
= ‖f ‖L∞(S×Ω,B).
Hence the lemma follows. 
Lemma 3. Under the hypothesis of Theorem 1, define the affine operator U on Lp(S × Ω,B)
(1  p < ∞) by Uf (s,ω) = [Usfϕs](ω) (f ∈ Lp(S × Ω,B)). If 1 < p < ∞ and f ∈ Lp(S ×
Ω,B), then{∫ ∫
S×Ω
(
sup
n1
∥∥∥∥∥1n
n∑
k=1
Ukf (s,ω)
∥∥∥∥∥
B
)p
dν ⊗μ
}1/p
Kp
(‖f ‖Lp(S×Ω,B) + ‖g‖Lp(S×Ω,B)), (1)
while, if p = 1, then∫ ∫
S×Ω
sup
n1
∥∥∥∥∥1n
n∑
k=1
Ukf (s,ω)
∥∥∥∥∥
B
dν ⊗μ
 ‖g‖L1(S×Ω,B)
+K
{
μ(Ω)+
∫ ∫
S×Ω
∥∥f (s,ω)− g(s,ω)∥∥B log+∥∥f (s,ω)− g(s,ω)∥∥B dν ⊗μ}, (2)
where Kp and K are positive constants and log+ u = log max(1, u) for u 0.
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induction
Ukf = T k(f − g)+ g (k = 0,1,2, . . .).
Hence the inequalities (1) and (2) follow directly from the maximal ergodic inequalities (for the
operator T ) already known even in the vector-valued case (see [22, Theorem 1]; cf. also Dunford
and Schwartz [6, VIII, Theorem 8], for complex-valued functions). 
Proof of Theorem 1. Let f , g ∈ Lp(S ×Ω,B). It follows from Lemma 2 and the Riesz convex-
ity theorem that ‖T ‖B(Lp(S×Ω,B))  1 for 1 p ∞. The operator U is clearly nonlinear and
nonexpansive in Lp(S×Ω,B). Since B is reflexive it follows from Chacon’s ergodic theorem [3]
applied to the operator T that there exists a function η ∈ Lp(S ×Ω,B) such that
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
Ukf (s,ω)− η(s,ω)
∥∥∥∥∥
B
= 0 ν ⊗μ-a.e.,
and by Lebesgue’s dominated convergence theorem
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
Ukf − η
∥∥∥∥∥
Lp(S×Ω,B)
= 0 (if 1 <p < ∞).
Moreover, if f − g ∈ L(S × Ω,B) log+ L(S × Ω,B) then by Lemma 3 and Lebesgue’s domi-
nated convergence theorem
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
Ukf − η
∥∥∥∥∥
L1(S×Ω,B)
= 0.
Note here that excepting a ν-null set(
Ukf
)
s
(ω) = [UsUϕs · · ·Uϕk−1sfϕks](ω)
= UsUϕs · · ·Uϕk−1sfϕks(ω) μ-a.e.
Hence statement (1) follows from Fubini’s theorem. Statements (2) and (3) of Theorem 1 follow
from Fubini’s theorem and Lebesgue’s dominated convergence theorem again, noting that in
view of Lemma 3 ∫
Ω
(
sup
n1
∥∥∥∥∥1n
n∑
k=1
Ukf (·,ω)
∥∥∥∥∥
B
)p
dμ ∈ L1(S) (1 p < ∞)
in each case of statements (2) and (3). The proof of Theorem 1 has hereby been completed. 
Remark. Theorem 1 generalizes both the random ergodic theorem of Gladysz [8] and the vector-
valued random ergodic theorem of Beck and Schwartz [2].
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a random affine system on Lp(Ω,B) and an affine system on Lp(S × Ω,B), respectively. As
will be seen below, these affine systems on Lp spaces offer us full information about the ergodic
behaviors of affine operators.
The argument used in the proof of Theorem 1 yields
Theorem 2. Let B be a reflexive Banach space and let {Ts : s ∈ S} be a strongly F -measurable
family of linear contractions on L1(S × Ω,B) as well as on L∞(S × Ω,B). Then for every
f ∈ (I − T )Lp(S × Ω,B), 1  p < ∞, there exist a function f ∗ ∈ Lp(S × Ω,B) and a set
E(f ) ∈F of ν-measure zero such that for every s ∈ S −E(f )
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
k∑
j=1
TsTϕs · · ·Tϕj−1sfϕj s(ω)− f ∗s (ω)
∥∥∥∥∥
B
= 0 μ-a.e.,
and if 1 <p < ∞ then
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
k∑
j=1
TsTϕs · · ·Tϕj−1sfϕj s(·)− f ∗s (·)
∥∥∥∥∥
Lp(Ω,B)
= 0.
Proof. It suffices to note that if we define Us = Ts + fs , s ∈ S, then for any h ∈ Lp(S ×Ω,B)
k−1∑
j=1
TsTϕs · · ·Tϕj−1sfϕj s(·)+ fs(·)
= UsUϕs · · ·Uϕk−1shϕks(·)− TsTϕs · · ·Tϕk−1shϕks(·) (k = 2,3, . . .).
Then the assertion of the theorem follows immediately from Theorem 1. 
In general one can only expect weak convergence of Cesàro (C,1) processes for nonlinear
operators on Lp . In fact, the example given by Krengel [14] shows that the pointwise convergence
of the (C,1) averages of nonlinear and nonexpansive operators on Lp may fail to hold and
the example given by Krengel and Lin [15] shows that the (C,1) averages of nonlinear and
nonexpansive operators need not converge in the strong topology of Lp .
As a special case, let T be a positive linear contraction on L1(Ω) and suppose that there is a
strictly positive function g ∈ L+1 (Ω) with T g = g. Write Uf = Tf +g. Then Ukf = T kf +kg,
k = 1,2, . . . , for every f ∈ L1(Ω). Thus by Hopf’s ergodic theorem [11]
lim
n→∞
{
1
n
n∑
k=1
Ukf − 1
n
n∑
k=1
kg
}
= lim
n→∞
1
n
n∑
k=1
T kf
exists almost everywhere on Ω . However, 1
n
∑n
k=1 Ukf tends to ∞ (as n → ∞) almost every-
where on Ω .
Theorem 3. Let B be a reflexive Banach space and let {Ts : s ∈ S} be a strongly F -measurable
family of linear contractions on L1(Ω,B) as well as on L∞(Ω,B). Define Us = Ts + ξs , s ∈ S,
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a function η ∈ Lp(S × Ω,B) and a set E0(f, ξ) ∈ F of ν-measure zero such that for each
s ∈ S −E0(f, ξ)
lim
λ→1+0
∥∥∥∥∥(λ− 1)
∞∑
n=1
1
λn+1
UsUϕs · · ·Uϕn−1sfϕns(ω)− ηs(ω)
∥∥∥∥∥
B
= 0 μ-a.e.
and if 1 <p < ∞, then
lim
λ→1+0
(∫
Ω
∥∥∥∥∥(λ− 1)
∞∑
n=1
1
λn+1
UsUϕs · · ·Uϕn−1sfϕns(ω)− ηs(ω)
∥∥∥∥∥
p
B
dμ
)1/p
= 0.
Proof. If we consider the affine system {T ,U, ξ} determined as the measurable version of the
random affine system {(Ts,Us, ξs): s ∈ S} then we have Unf = T nf −T ng+g, n = 0,1,2, . . . ,
where ξ = (I − T )g for some g ∈ Lp(S × Ω,B). Then by Chacon’s ergodic theorem [3] for
T we have the pointwise and strong (C,1) ergodic theorems hold for U . Thus the pointwise
and strong Abelian ergodic theorems for U follow from Hille’s abstract Abelian theorem [9].
Hence the assertion of the theorem may follow from Fubini’s theorem and Lebesgue’s dominated
convergence theorem. 
Example 1. We consider the measure space (Ω,ß,μ) given above and let φ be a ß-measurable,
μ-measure preserving transformation of Ω into itself. Define an affine operator U on Lp(Ω)
(1 p < ∞) by Uf (ω) = f (φω)+ 1, f ∈ Lp(Ω). Clearly U is nonlinear and nonexpansive on
Lp(Ω). Then
1
n
n∑
k=1
Ukf = 1
n
n∑
k=1
f ◦ φk + n+ 1
2
(n = 1,2, . . .),
and obviously 1
n
∑n
k=1 Ukf tends to ∞ (as n → ∞) almost everywhere on Ω (cf. Krengel [14]).
Example 2. We consider the function space C[0,1] which consists of functions f (t) continuous
for 0 t  1 such that ‖f ‖ = max |f (t)|. Let V be the operator on C[0,1] defined by Vf (t) =
t · f (t), t ∈ [0,1], for f ∈ C[0,1]. Clearly, ‖V n‖ = 1 for n = 1,2, . . . . Let us consider the
bounded linear operator W defined on X = C[0,1] ×C[0,1] by
W(f,g) = (Vf,f + g), (f, g) ∈ X.
Then
Wn(f,g) =
(
V nf,
n−1∑
k=0
V kf + g
)
(n = 1,2, . . .).
Symbolically, W = ( V 0
I I
)
and
Wn =
(
V n 0∑n−1
V k I
)
(n = 1,2, . . .).k=0
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= 0. Then there exists at least one nontrivial pair (ξ0, η0) ∈ X
such that limn→∞ ‖ 1nWn(ξ0, η0)‖X = 0. We define U(f,g) = W(f,g) + (I − W)(ξ0, η0) for
(f, g) ∈ X. Then U is nonlinear but not nonexpansive and
1
n
n∑
k=1
Uk(2ξ0,2η0) = 1
n
n∑
k=1
Wk(ξ0, η0)+ (ξ0, η0)
does not converge as n → ∞ in the strong topology of X (cf. Krengel and Lin [15]).
We next consider the case that (Ω,ß,μ) is a probability space. If X is a strongly measurable
function defined on Ω with values in B, X is called a strongly measurable B-valued random
variable (defined on Ω). A two-sided sequence {Xi}, −∞ < i < ∞, of strongly measurable
B-valued random variables is said to be stationary if
μ
{
ω
∣∣Xi(ω) ∈ Ai, |i| n}= μ{ω ∣∣Xi+1(ω) ∈ Ai, |i| n}
for each finite collection {Ai}, |i| n, of Borel subsets of B.
We are especially interested in the following theorem which generalizes the strong law of
large numbers in Banach spaces.
Theorem 4. Let B be a reflexive Banach space in which a linear operator T is given and satisfies
the norm condition ‖T ‖B  1. Let {Xi}, −∞ < i < ∞, be a stationary sequence in L1(Ω,B)
and define U = T + ξ for some fixed ξ ∈ (I − T )L1(Ω,B). Then there exists a strongly measur-
able random variable Y in L1(Ω,B) such that
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
UkXk(ω)− Y(ω)
∥∥∥∥∥
B
= 0 almost surely.
Proof. Let ξ be of the form ξ = (I − T )Z (Z ∈ L1(Ω,B)). It follows immediately that
UnXn = T nXn − T nZ +Z (n = 1,2, . . .).
For indeed suppose this fact has been established for n = k and note that Ukχ = T kχ −T kZ+Z
for any χ ∈ L1(Ω,B). Then by the induction hypothesis
Uk+1Xk+1 = U
(
UkXk+1
)= T (UkXk+1)− T Z +Z
= T (T kXk+1 − T kZ +Z)− T Z +Z
= T k+1Xk+1 − T k+1Z + T Z − T Z +Z
= T k+1Xk+1 − T k+1Z +Z.
Thus, applying Beck and Schwartz’s theorem (Corollary to Theorem 2 of [2]) and Chacon’s
(vector-valued) ergodic theorem [3] to the linear operator T , we have that there exist random
variables X∗,Z∗ ∈ L1(Ω,B) such that
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n→∞
∥∥∥∥∥1n
n∑
k=1
T kXk(ω)−X∗(ω)
∥∥∥∥∥
B
= 0 almost surely,
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
T kZ(ω)−Z∗(ω)
∥∥∥∥∥
B
= 0 almost surely.
Hence the conclusion of the theorem follows directly from this fact with Y = X∗ −Z∗ +Z. 
The original form of Theorem 4 was first proved by Beck and Schwartz [2] for a linear op-
erator T (with ‖T ‖B  1) on B. So, Theorem 4 is a (nonlinear) generalization of Beck and
Schwartz’s theorem (Corollary to Theorem 2 of [2]).
3. More about the nonlinear random ergodic theorem
To discuss convergence almost everywhere and in the norm of Lp(S × Ω), Wittmann [17]
introduced the so-called nonlinear sums Snf (i.e., S0f = f , Sn+1f = f + R(Snf )) for f ∈
L1(S × Ω), where R is an order preserving, integral preserving, positively homogeneous and
L∞-nonexpansive operator on L1(S × Ω). He showed that 1n+1Snf is a.e. convergent for any
f ∈ L1(S × Ω) and norm convergent in Lp(S × Ω) for any f ∈ Lp(S × Ω), 1  p < ∞. In
the sequel we make use of the same random affine system {(Ts,Us, ξs): s ∈ S} on Lp(Ω,B)
and the affine system {T ,U, ξ} on Lp(S × Ω,B) as used in Section 2 without change of the
meaning. For f ∈ Lp(S × Ω,B), 1  p < ∞, we define a new sequence of random functions
{Vf (n, s): s ∈ S} (n = 0,1,2, . . .), in Lp(Ω,B) inductively by
Vf (0, s) = fs,
Vf (1, s) = fs +UsVf (0, ϕs),
Vf (n+ 1, s) = fs +UsVf (n,ϕs).
Theorem 5. Let B be a reflexive Banach space and let {Vf (n, s): s ∈ S} be a random sequence
associated with f ∈ Lp(S × Ω,B), 1  p < ∞ (which is defined by the random affine system
{(Ts,Us, ξs): s ∈ S}). Then there exists a function η ∈ Lp(S × Ω,B) such that except for a set
of ν-measure zero,
lim
n→∞
∥∥∥∥1nVf (n, s)(ω)− ηs(ω)
∥∥∥∥
B
= 0 μ-a.e.
and if 1 <p < ∞ then
lim
n→∞
∥∥∥∥1nVf (n, s)− ηs
∥∥∥∥
Lp(Ω,B)
= 0.
Proof. One may assume that ξ = (I −T )g for some g ∈ Lp(S×Ω,B). There is a set N(f ) ∈F
of ν-measure zero such that for every s ∈ S −N(f ), we have by definition
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Vf (2, s) = fs + Tsfϕs + TsTϕsfϕ2s − TsTϕsgϕ2s + Tsgϕs + gs,
...
Vf (n, s) = fs +
n∑
k=1
TsTϕs · · ·Tϕk−1sfϕks − TsTϕs · · ·Tϕn−1sgϕns
+
n−1∑
k=1
TsTϕs · · ·Tϕk−1sgϕks + gs (n = 2,3, . . .).
Moreover, it follows from the ergodic theorem for T that
lim
n→∞
∥∥∥∥1n(fs(ω)+ gs(ω))
∥∥∥∥
B
= 0 μ-a.e.,
lim
n→∞
∥∥∥∥1n(fs(·)+ gs(·))
∥∥∥∥
Lp(Ω,B)
= 0 (if 1 <p < ∞),
lim
n→∞
∥∥∥∥1nTsTϕs · · ·Tϕn−1sgϕns(ω)
∥∥∥∥
B
= 0 μ-a.e.,
lim
n→∞
∥∥∥∥1nTsTϕs · · ·Tϕn−1sgϕns(·)
∥∥∥∥
Lp(Ω,B)
= 0 (if 1 <p < ∞).
Hence we may apply Theorem 1 to conclude that Theorem 5 holds. 
Following Wittmann [17], let us define a sequence of functions {Vnf } in Lp(S × Ω,B) in-
ductively by V0f = f , Vn+1f = f + UVnf , n = 0,1,2, . . . , using the affine system {T ,U, ξ}.
Then Vf (n, s) = (Vnf )s , n = 0,1,2, . . . .
Theorem 6. Let B be a reflexive Banach space and let {Vnf } be a sequence of nonlinear sums
for f ∈ Lp(S × Ω,B), 1 p < ∞ (which is defined by the affine system {T ,U, ξ}). Then there
exists a function η ∈ Lp(S ×Ω,B) such that
lim
n→∞
∥∥∥∥ 1n+ 1Vnf (s,ω)− η(s,ω)
∥∥∥∥
B
= 0 ν ⊗μ-a.e.
Moreover, if 1 <p < ∞, then
lim
n→∞
∥∥∥∥ 1n+ 1Vnf − η
∥∥∥∥
Lp(S×Ω,B)
= 0,
and if p = 1 and f ∈ L(S ×Ω,B) log+ L(S ×Ω,B), then
lim
n→∞
∥∥∥∥ 1n+ 1Vnf − η
∥∥∥∥
L1(S×Ω,B)
= 0.
1720 T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730Proof. Let ξ be of the form ξ = (I − T )g for some g ∈ Lp(S ×Ω,B). By definition we get
Vnf =
n∑
k=0
T kf − T ng + g (n = 0,1,2, . . .),
and by the ergodic theorem
lim
n→∞
∥∥∥∥T ng(s,ω)− g(s,ω)n+ 1
∥∥∥∥
B
= 0 ν ⊗μ-a.e.,
lim
n→∞
∥∥∥∥T ng − gn+ 1
∥∥∥∥
Lp(S×Ω,B)
= 0 (if 1 <p < ∞).
Finally we may apply the ergodic theorem for T to conclude that Theorem 6 holds. 
We are also interested in the properties (or behavior) of the ergodic maximal functions for
affine operators. For example, Lemma 3 may be regarded as the so-called dominated ergodic
theorem for affine operators. The following inequality may be called the maximal ergodic in-
equality for affine operators.
Inequality 1. Let {T ,U, ξ} be an affine system on Lp(S × Ω,B) with 1 p < ∞, where ξ =
(I − T )g, g ∈ Lp(S × Ω,B) ∩ L∞(S × Ω,B). Assume ‖T ‖B(L∞(S×Ω,B))  1. Then for every
function f ∈ Lp(S ×Ω,B) and for every positive number λ, we have
ν ⊗μ(e∗V (λ+ 2‖g‖∞)) 1λ
∫ ∫
e(λ)
∥∥f (s,ω)∥∥B dν ⊗μ,
ν ⊗μ(e∗U (λ+ 2‖g‖∞)) 1λ
∫ ∫
e(λ)
∥∥f (s,ω)∥∥B dν ⊗μ,
where
e∗V (λ) =
{
(s,ω): sup
n0
∥∥∥∥ 1n+ 1Vnf (s,ω)
∥∥∥∥
B
> λ
}
,
e∗U(λ) =
{
(s,ω): sup
n0
∥∥∥∥∥ 1n+ 1
n∑
k=0
Ukf (s,ω)
∥∥∥∥∥
B
> λ
}
,
e(λ) = {(s,ω): ∥∥f (s,ω)∥∥B > λ}, ‖g‖∞ = ‖g‖L∞(S×Ω,B).
Proof. It is sufficient to note that
e∗V
(
λ+ 2‖g‖∞
)∪ e∗U (λ+ 2‖g‖∞)⊂ e∗T (λ),
ν ⊗μ(e∗T (λ)) 1λ
∫ ∫ ∥∥f (s,ω)∥∥B dν ⊗μ.
e(λ)
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and Schwartz [5, VIII (6), Lemma 7], [21, Lemma 1]). 
Let (X,Ξ,π) be a σ -finite measure space on which a Ξ -measurable π -measure preserving
transformation τ is given. We consider the Banach space L1(X,B) + L∞(X,B) of all functions
f which can be written as f = g +h, where g ∈ L1(X,B) and h ∈ L∞(X,B), endowed with the
norm
‖f ‖1,∞ = inf
{‖g‖L1(X,B) + ‖h‖L∞(X,B): f = g + h}.
The completeness of the norm ‖ · ‖1,∞ follows from the completeness of the norms ‖ · ‖L1(X,B)
and ‖ · ‖L∞(X,B). For each real p  0, we denote by Mp(X,B) the class of all functions f such
that ∫
{‖f (x)‖B>t}
‖f (x)‖B
t
(
log
‖f (x)‖B
t
)p
dπ < ∞
for every t > 0 and by L(X,B)[log+L(X,B)]p the class of all functions such that∫
X
∥∥f (x)∥∥B[log+∥∥f (x)∥∥B]p dπ < ∞.
It is well known (Fava [7] and Yoshimoto [22–24]) that
(i) Each Mp(X,B) is a linear space,
(ii) L1(X,B) ⊂ M0(X,B) ⊂ L1(X,B)+L∞(X,B),
(iii) Mp(X,B) ⊂ L1(X,B)+L∞(X,B),
(iv) Mp(X,B) = L(X,B)[log+ L(X,B)]p if and only if π(X) < ∞,
(v) Mq(X,B) ⊂ Mp(X,B) if p < q ,
(vi) Mp(X,B) contains the linear space spanned by
⋃
q>1 Lq(X,B).
In particular, when we consider the numerically-valued case, we omit the symbol B in the
above notation. Note that the class M0(X,B) is considerably wider than the spaces Lp(X,B),
1 p < ∞.
Theorem 7. Let B be reflexive and let {Tx : x ∈ X} be a strongly Ξ -measurable family of lin-
ear operators on B such that ‖Tx‖B  1 for all x ∈ X. Define an operator T on L1(X,B) +
L∞(X,B) by (Tf )(x) = Tx(f (τx)) for f ∈ L1(X,B)+L∞(X,B). Let Ux = Tx + ξ(x), x ∈ X,
with some fixed ξ ∈ (I − T )M0(X,B). Then for every f ∈ M0(X,B)
lim
n→∞
1
n
n∑
k=1
UxUτx · · ·Uτk−1x
(
f
(
τ kx
))
exists strongly π -almost everywhere on X.
Proof. We may assume that ξ is of the form ξ = (I − T )p for some p ∈ M0(X,B). Note that
T L1(X,B) ⊂ L1(X,B) and T L∞(X,B) ⊂ L∞(X,B) and that ξ = (I − T )p ∈ L1(X,B) +
1722 T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730L∞(X,B). Then we can define an operator U on L1(X,B) + L∞(X,B) by (Uf )(x) =
Ux(f (τx)) for f ∈ L1(X,B)+L∞(X,B). Furthermore, for f ∈ M0(X,B) we have by induction
Unf = T nf − T np + p (n = 1,2, . . .).
Thus it follows from Theorem 3 of [22] that for any f ∈ M0(X,B)
lim
n→∞
1
n
n∑
k=1
Ukf (x) = lim
n→∞
1
n
n∑
k=1
T kf (x)− lim
n→∞
1
n
n∑
k=1
T kp(x)+ p(x)
exists strongly for π -almost all x ∈ X. Hence the assertion of the theorem follows directly from
the following relation(
Unf
)
(x) = UxUτx · · ·Uτk−1x
(
f
(
τ kx
))
π-a.e. (n = 1,2, . . .),
which is easily checked. 
Now, using the random affine system {(Tx,Ux, ξ(x)): x ∈ X} (ξ = (I − T )p for some
p ∈ M0(X,B)) used in Theorem 7, we define for f ∈ L1(X,B) + L∞(X,B) a sequence
{Wf (n,x): x ∈ X} (n = 0,1,2, . . .), in B inductively by
Wf (0, x) = f (x),
Wf (1, x) = f (x)+Ux
(
Wf (0, τx)
)
,
Wf (n+ 1, x) = f (x)+Ux
(
Wf (n, τx)
)
.
Observe that
Wf (n,x) = f (x)+
n∑
k=1
TxTτx · · ·Tτk−1x
(
f
(
τ kx
))− TxTτx · · ·Tτn−1x(p(τnx))
+
n−1∑
k=1
TxTτx · · ·Tτk−1x
(
p
(
τ kx
))+ p(x) (n = 2,3, . . .).
Then by Theorem 3 of [22] and Theorem 7 of [22], we have
Theorem 8. Let B be reflexive and f ∈ M0(X,B). Under the hypotheses of Theorem 7,
let {Wf (n,x): x ∈ X} be a random sequence defined by using the random affine system
{(Tx,Ux, (I − T )p(x)): x ∈ X} with some p ∈ M0(X,B). Then
lim
n→∞
1
n
Wf (n, x)
exists strongly for π -almost all x ∈ X.
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commuting ergodic theorem [6] in the linear case, we have the following nonlinear random
ergodic theorem.
Theorem 9. Let {T (i)s : s ∈ S}, i = 1,2, . . . , be strongly F -measurable families of linear con-
tractions on L1(Ω) as well as on L∞(Ω). Define U(i)s = T (i)s + ((I − Ti)g)s for s ∈ S and some
fixed g ∈ Lp(S × Ω) with 1 < p < ∞, where Tif (s,ω) = [T (i)s fϕs](ω), i = 1,2, . . . , r . Let
Ui(ki, s) = U(i)s U(i)ϕs · · ·Uϕki−1s for i = 1,2, . . . , r . Then for every f ∈ Lp(S ×Ω) (1 <p < ∞),
there exists a ν-null set E(f,g, r) ∈F such that for every s ∈ S −E(f,g, r)
1
n1n2 · · ·nr
n1∑
k1=1
· · ·
nr∑
kr=1
U1(k1, s)U2
(
k2, ϕ
k1s
) · · ·Ur(kr , ϕk1+···+kr−1s)fϕk1+···+kr s(ω)
is convergent (as n1 → ∞, . . . , nr → ∞ independently) almost everywhere on Ω , as well as in
the norm of Lp(Ω).
The special interest in the above theorem lies in the fact that Ui(ki, ϕk1+···+ki−1s) and
Uj (kj , ϕ
k1+···+kj−1s) need not commute.
Inequality 2. Let T1, T2, . . . , Tr be positive linear L1 −L∞ contractions on L1(Ω). Define Ui =
Ti + (I −Ti)g (i = 1,2, . . . , r), for some g ∈ L∞(Ω)∩Mr−1(Ω). Then for every f ∈ Mr−1(Ω)
and every t > 0
ν ⊗μ{f ∗U(ω) > 4t + 2‖g‖∞} C(f, r) ∫
{|f |>t}
|f |
t
(
log
|f |
t
)r−1
dμ,
where C(f, r) is a positive constant, U = (U1,U2, . . . ,Ur) and
f ∗U(ω) = sup
n1,...,nr1
∣∣∣∣∣ 1n1 · · ·nr
n1∑
k1=1
· · ·
nr∑
kr=1
U
k1
1 · · ·Ukrr f (ω)
∣∣∣∣∣.
Proof. This inequality follows easily after applying Fava’s weak type estimate [7, Theorem 2]
to the maximal function
f ∗T (ω) = sup
n1,...,nr1
∣∣∣∣∣ 1n1 · · ·nr
n1∑
k1=1
· · ·
nr∑
kr=1
T
k1
1 · · ·T krr f (ω)
∣∣∣∣∣,
where T = (T1, T2, . . . , Tr ) (cf. [24, Theorem 2]). 
It is desirable (and natural) to consider wider classes containing that of affine operators. Nei-
ther of the classes of operators considered by Krengel and Lin [15] and Wittmann [17] contains
the class of affine operators U considered in this paper. In fact, such an affine operator U is not
L∞-contractive, not integral preserving and not positively homogeneous. When given an affine
system {T ,U, ξ} on Lp , the ergodic behaviors of U depend essentially on the norm conditions
for (the linear operator) T .
1724 T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730Example 3. Let α be a fixed positive real number. Following Hille [9], for f ∈ L1(0,1), we
define
Jαf (t) = 1
Γ (α)
t∫
0
(t − u)α−1f (u)du, 0 < t < 1,
Tαf = (I − Jα)f.
Then a careful calculation gives
T nα f (t) = f (t)−
t∫
0
Pn(t − u,α)f (u)du, 0 < t < 1 (n = 1,2, . . .),
where
Pn(w,α) =
n∑
k=1
(−1)k−1
(
n
k
)
wkα−1
Γ (kα)
.
Let α = 1 and define U1 = T1 + (I − T1)ξ for some ξ ∈ L1(0,1). Then for any f ∈ L1(0,1)
one gets Un1 f = T n1 f −T n1 ξ +ξ (n = 1,2, . . .). Thus by virtue of Hille’ theorem [9, Theorem 11]
it follows that for every h ∈ L1(0,1)
lim
n→∞
1
n
n∑
k=1
T k1 h(t) = 0 for almost all t ∈ (0,1),
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
T k1 h
∥∥∥∥∥
L1(0,1)
= 0.
Hence from these results we obtain
lim
n→∞
1
n
n∑
k=1
Uk1 f (t) = ξ(t) for almost all t ∈ (0,1),
lim
n→∞
∥∥∥∥∥1n
n∑
k=1
Uk1 f − ξ
∥∥∥∥
L1(0,1)
= 0.
Next let α = 2. Then there exist by Theorem 10 of Hille [9] two nontrivial functions ξ0, ξ00 ∈
L1(0,1) such that (λ − 1)R(λ,T2)ξ0 does not converge (as λ → 1 + 0) almost everywhere on
(0,1) and such that (λ − 1)R(λ,T2)ξ00 does not converge in the strong topology of L1(0,1).
Now define
U2,0 = T2 + (I − T2)ξ0,
U2,00 = T2 + (I − T2)ξ00.
T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730 1725Theorem 11 of Hille [9] shows that T2 cannot be pointwise and strongly ergodic in L1(0,1). In
fact, Hille proved the estimate log‖T n2 ‖B(L1(0,1)) > C ·n1/3, where C is a positive constant. Thus
by a simple calculation we find that
lim
n→∞
1
n
‖T n2 ‖B(L1(0,1))  limn→∞
1
n
eC·n1/3 = ∞.
Therefore
1
n
n∑
k=1
Uk2,0(2ξ0)(t) =
1
n
n∑
k=1
T k2 ξ0(t)+ ξ0(t)
does not converges as n → ∞ almost everywhere on (0,1) (cf. Krengel [14]), and
1
n
n∑
k=1
Uk2,00(2ξ00) =
1
n
n∑
k=1
T k2 ξ00 + ξ00
does not converge as n → ∞ in the strong topology of L1(0,1) (cf. Krengel and Lin [15]).
We consider the sequence {V (1)n f } (f ∈ L1(0,1)) determined by the affine system {T1,U1,
(I − T1)ξ} (ξ ∈ L1(0,1)). By virtue of Hille’s theorem [9, Theorem 11],∥∥T n1 ∥∥B(L(0,1)) = O(n1/4),
which immediately gives
lim
n→∞
1
n
∥∥T n1 ∥∥B(L1(0,1)) = 0.
Then for every f ∈ L1(0,1)
1
n+ 1V
(1)
n f (t) =
1
n+ 1
n∑
k=0
T k1 f (t)−
1
n+ 1
(
T n1 ξ(t)− ξ(t)
)
is convergent (as n → ∞) almost everywhere on (0,1), as well as in the strong topology of
L1(0,1). Next let 0 < α < 1. Hille also proved that Tα is power-bounded in the (operator) topol-
ogy of B(L1(0,1)) and that for 0 < t < 1
lim
n→∞
t∫
0
Pn(w,α)dw = 1
uniformly with respect to t in any interval (ε,1). Thus for every h ∈ L1(0,1)
lim T nα h(t) = 0 a.e. and lim
∥∥T nα h∥∥L (0,1) = 0.n→∞ n→∞ 1
1726 T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730Hence if we consider the sequence {V (α)n f } (f ∈ L1(0,1)) determined by the affine system
{Tα,Uα, (I − Tα)ξ} (ξ ∈ L1(0,1)) then for every f ∈ L1(0,1)
1
n+ 1V
(α)
n f (t) =
1
n+ 1
n∑
k=0
T kα f (t)−
1
n+ 1
(
T nα ξ(t)− ξ(t)
)
is convergent (as n → ∞) almost everywhere on (0,1), as well as in the strong topology of
L1(0,1).
Example 4. Let W and U be the same operators defined on X = C[0,1] × C[0,1] as in
Example 2. Then it follows that there exists at least one nontrivial pair (ξ0, η0) ∈ X such
that limn→∞ ‖ 1nWn(ξ0, η0)‖X = 0. This implies that 1n
∑n−1
k=0 Wk(ξ0, η0) cannot converge as
n → ∞ in the strong topology of X. In addition, the affine operator U is defined by U(f,g) =
W(f,g)+ (I −W)(ξ0, η0) for (f, g) ∈ X (as in Example 2). For any (f, g) fixed in X we define
a new sequence of functions {Pn(f,g)} (n = 0,1,2, . . .), in X inductively by
P0(f, g) = (f, g),
Pn+1(f, g) = (f, g)+UPn(f,g).
Then it follows that
Pn(f,g) =
n∑
k=0
Wk(f,g)−Wn(ξ0, η0)+ (ξ0, η0) (n = 0,1,2, . . .).
Therefore
1
n+ 1Pn(ξ0, η0) =
n
n+ 1 ·
1
n
n−1∑
k=0
Wk(ξ0, η0)+ 1
n+ 1 (ξ0, η0)
cannot be convergent (as n → ∞) in the strong topology of X.
Next we consider the operators T2, U2,0, U2,00 and the functions ξ0, ξ00 used in Example 3. For
any f fixed in L1(0,1) we define the sequences of functions {Q(0)n } and {Q(00)n } (n = 0,1,2, . . .),
inductively by Q(0)0 f = f , Q(00)0 f = f and
Q
(0)
n+1f = f +U2,0Q(0)n f,
Q
(00)
n+1f = f +U2,00Q(00)n f.
Then we have
Q(0)n f =
n∑
k=0
T k2 f − T n2 ξ0 + ξ0,
Q(00)n f =
n∑
T k2 f − T n2 ξ00 + ξ00.
k=0
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see that
1
n+ 1Q
(0)
n ξ0(t) =
n
n+ 1 ·
1
n
n−1∑
k=0
T k2 ξ0(t)+
1
n+ 1ξ0(t)
cannot be convergent (as n → ∞) almost everywhere on (0,1) and that
1
n+ 1Q
(00)
n ξ00 =
n
n+ 1 ·
1
n
n−1∑
k=0
T k2 ξ00 +
1
n+ 1ξ00
cannot be convergent (as n → ∞) in the strong topology of L1(0,1) (cf. Wittmann [17] (open
question), p. 251: this is just the question to find examples of operators T (on L1) satisfying
the order preserving, integral preserving and L∞-nonexpansive properties except positive ho-
mogeneity, for which there exists a function f ∈ L1 such that 1n+1Sn[T ]f is divergent, where
S0[T ]f = f , Sn+1[T ]f = f + T Sn[T ]f , n = 0,1,2, . . .).
Example 5. To illustrate the situation of our consideration in this paper, we take the measure
spaces (Ω,ß,μ) and (S,F , ν) to be Ω = S = [0,1), ß = F = the σ -field of Borel sets, and
μ = ν = the Lebesgue measure. Let us consider the product measure spaces
S∗ = S1 × S2 × · · · , F∗ =F1 ⊗F2 ⊗ · · · , ν∗ = ν1 ⊗ ν2 ⊗ · · · ,
where Si = S, Fi = F , νi = ν, i = 1,2, . . . , and let ϕ be the one-sided shift transformation
on S∗, that is,
xn(ϕs
∗) = xn+1(s∗), s∗ ∈ S∗ (n = 1,2, . . .),
where xn(s∗) denotes the nth coordinate of s∗ ∈ S∗. We define an F ⊗ ß-measurable family
{ψs : s ∈ S} of μ-measure preserving transformations on Ω by
ψsω = [ω + βs] (= ω + βs,mod 1)
with a real constant β . Let τ be the skew product of ϕ and {ψs : s ∈ S}:
τ(s∗,ω) = (ϕs∗,ψx1(s∗)ω), (s∗,ω) ∈ S∗ ×Ω
and define, for h ∈ L1(Ω) and f ∈ L1(S∗ ×Ω),
(Ψx1(s∗)h)(ω) = h(ψx1(s∗)ω), (Tf )(s∗,ω) = f
(
τ(s∗,ω)
)
,
(Ux1(s∗)fϕs∗)(ω) = Ψx1(s∗)fϕs∗(ω)+
(
(I − T )g)
x1(s∗)(ω),
(s∗,ω) ∈ S∗ ×Ω.
1728 T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730Then for any f , g ∈ Lp(S∗ ×Ω) (1 p < ∞) there exists a ν∗-null set N(f,g) of S∗ such that
for any s∗ ∈ S∗ −N(f,g), there exists a function ξs∗(·) ∈ Lp(Ω) such that
lim
n→∞
1
n
n∑
k=1
Ux1(s∗)Ux1(ϕs∗) · · ·Ux1(ϕk−1s∗)fϕks∗(ω) = ξs∗(ω) μ-a.e.
and
lim
n→∞
(∫
Ω
∣∣∣∣∣1n
n∑
k=1
Ux1(s∗)Ux1(ϕs∗) · · ·Ux1(ϕk−1s∗)fϕks∗(ω)− ξs∗(ω)
∣∣∣∣∣
p
dμ
)1/p
= 0.
Next, given a function f ∈ L1(S∗ × Ω) we define a sequence of random functions
{Vf (n, s∗): s∗ ∈ S∗} (n = 0,1,2, . . .), in L1(Ω) inductively by
Vf (0, s∗) = fs∗ ,
Vf (1, s∗) = fs∗ +Ux1(s∗)Vf (0, ϕs∗),
Vf (n+ 1, s∗) = fs∗ +Ux1(s∗)Vf (n,ϕs∗).
Then for any f , g ∈ Lp(S∗ ×Ω) (1 p < ∞) there exists a ν∗-null set N(f,g) of S∗ such that
for any s∗ ∈ S∗ −N(f,g), there exists a function ηs∗(·) ∈ Lp(Ω) such that
lim
n→∞
1
n
Vf (n, s
∗)(ω) = ηs∗(ω) μ-a.e.
and
lim
n→∞
(∫
Ω
∣∣∣∣1nVf (n, s∗)(ω)− ηs∗(ω)
∣∣∣∣p dμ)1/p = 0.
It seems to be significant to generalize the above (C,1) results to the case order α > 0 by the
(C,α) method. For a real α > −1 and each integer n 0, let Aαn denote the (C,α) coefficient of
order α, which is defined by the generating function
1
(1 − λ)α+1 =
∞∑
n=0
Aαnλ
n, 0 < λ< 1,
with Aα0 = 1. We also let A−10 = 1 and A−1n = 0 for all n 1. Then we have
Aαn =
n∑
Aα−1n−k , A
α
n > 0, A0n = 1, Aαn ∼
nα
Γ (α + 1) (n → ∞).
k=0
T. Yoshimoto / Journal of Functional Analysis 256 (2009) 1708–1730 1729According to Irmisch’s theorem [12], for f , g ∈ Lp(S∗ × Ω) with αp > 1 and 0 < α  1, the
Cesàro (C,α) means
C(α)n [T ](f − g) =
1
Aαn
n∑
k=0
Aα−1n−kT
k(f − g)
converges ν∗ ⊗μ-almost everywhere on S∗ ×Ω , and thus
C(α)n [U ]f = C(α)n [T ](f − g)+ g
converges ν∗ ⊗μ-almost everywhere on S∗ ×Ω . Moreover, since
Ux1(s∗)Ux1(ϕs∗) · · ·Ux1(ϕk−1s∗)fϕks∗(ω)
= Ψx1(s∗)Ψx1(ϕs∗) · · ·Ψx1(ϕk−1s∗)(f − g)ϕks∗(ω)+ gs∗(ω) ν∗ ⊗μ-a.e.,
there exists by Fubini’s theorem a ν∗-null set N(f,g) ∈F∗ such that for any s∗ ∈ S∗ −N(f,g)
lim
n→∞
1
Aαn
n∑
k=1
Aα−1n−kΨx1(s∗)Ψx1(ϕs∗) · · ·Ψx1(ϕk−1s∗)(f − g)ϕks∗(ω) = ξ˜s∗(ω) μ-a.e.,
lim
n→∞
1
Aαn
n∑
k=1
Aα−1n−kUx1(s∗)Ux1(ϕs∗) · · ·Ux1(ϕk−1s∗)fϕks∗(ω) = η˜s∗(ω) μ-a.e.
for some functions ξ˜ , η˜ ∈ Lp(S∗ ×Ω), and using Deniel’s result [4] (where 0 < α < 1, αp > 1)
lim
n→∞
∥∥∥∥∥ 1Aαn
n∑
k=1
Aα−1n−kΨx1(s∗) · · ·Ψx1(ϕk−1s∗)(f − g)ϕks∗ − ξ˜s∗
∥∥∥∥∥
Lp(Ω)
= 0,
lim
n→∞
∥∥∥∥∥ 1Aαn
n∑
k=1
Aα−1n−kUx1(s∗) · · ·Ux1(ϕk−1s∗)fϕks∗ − η˜s∗
∥∥∥∥∥
Lp(Ω)
= 0.
Irmisch in fact proved the a.e. convergence of the Cesàro (C,α) means C(α)n [T ]f for a positive
linear contraction T on Lp . He also proved that this result is false in general for αp = 1 (cf. [4]).
Even in the nonlinear case there are always three types of convergence, namely, the strong,
the weak and convergence almost everywhere. As far as we are concerned with the ergodic
behaviors of Cesàro-type processes for nonexpansive operators on Lp , one can only expect weak
convergence in general. This comes of the fact that there is essential difference between linearity
and nonlinearity of operators in question. The so-called affine systems taken in this paper are
very informative in the light of these facts.
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